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TWISTED ORLICZ ALGEBRAS, II
SERAP O¨ZTOP AND EBRAHIM SAMEI
Abstract. Let G be a locally compact group, let Ω : G×G→ C∗ be a
2-cocycle, and let (Φ,Ψ) be a complementary pair of strictly increasing
continuous Young functions. We continue our investigation in [14] of
the algebraic properties of the Orlicz space LΦ(G) with respect to the
twisted convolution ⊛ coming from Ω. We show that the twisted Orlicz
algebra (LΦ(G),⊛) posses a bounded approximate identity if and only
if it is unital if and only if G is discrete. On the other hand, under
suitable condition on Ω, (LΦ(G),⊛) becomes an Arens regular, dual
Banach algebra. We also look into certain cohomological properties
of (LΦ(G),⊛), namely amenability and Connes-amenability, and show
that they rarely happen. We apply our methods to compactly generated
group of polynomial growth and demonstrate that our results could be
applied to variety of cases.
Orlicz spaces are important type of Banach function spaces that are con-
sidered in mathematical analysis. Beside the fact that they generalize Lp-
spaces, they appear naturally in computation such as the well-known Zyg-
mund space L log+ L which is a Banach space related to Hardy-Littlewood
maximal functions. They could also contain certain Sobolev spaces as sub-
spaces. Linear properties of Orlicz spaces have been studied thoroughly
(see [16] for example). However their algebraic properties have been left
almost untouched possibility due to the fact that they may fail to be an
algebra under a natural multiplication. To be more precise, if one consider
an Orlicz space LΦ(G) associated to the Young function Φ over a locally
compact group G, then one could ask whether the convolution of compactly
supported continuous functions on G can be extend to LΦ(G). However, in
most cases, this happens if and only if LΦ(G) is a subspace of L1(G), where
the latter condition is rather restrictive; it forces either G to be compact
or the Young function Φ to have a sublinear growth (see [1], [7], [18] for
details). For example, if G is not compact, then Lp(G) (1 < p < ∞) can
never be an algebra under the convolution.
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To compensate for the failure of the having a convolutive structure on
Lp(G), we could look at weighted Lp(G) spaces. A weight ω on G is a
locally bounded measurable function from G into the positive reals. For
such a weight, one can extend the construction of Lp(G) to the “weighted”
Lpω(G), i.e.
Lpω(G) := {f : fω ∈ L
p(G) and ‖f‖ω = ‖fω‖p}.
These spaces have various properties and numerous applications in harmonic
analysis. For instant, by applying the Fourier transform, we know that
Sobolev spaces W k,2(T) are nothing but certain weighted l2ω(Z) spaces. A
particular aspect of the behavior of weighted Lpω spaces over locally compact
groups is that they could form an algebra with respect to the convolution!
More precisely, when p = 1 and ω is submultiplicative, it follows routinely
that L1ω(G) is a Banach algebra. Even though, this may not hold in general
if p > 1, there are sufficient conditions under which Lpω(G) is a Banach
algebra with respect to the convolution. This was first shown by J. Wermer
for G = R in [19] and Yu. N. Kuznetsova later extended it to general locally
compact groups. She has also studied some important properties of Lpω(G)
as a Banach algebra such as the existence of an approximate identity and,
for an abelian G, a description of their the maximal ideal space (see, [8],
[9], and the references therein). Moreover, in [11] and together with C.
Molitor-Braun, they studied other properties such as symmetry, existence
of functional calculus and having the Wiener property.
As Orlicz spaces are generalization of Lp spaces, one could also con-
sider weighted Orlicz spaces and study their properties. Very recently, A.
Osanc¸lıol and S. O¨ztop have looked at weighted Orlicz spaces over locally
compact groups as Banach algebras with respect to convolution ([13]). They
found sufficient conditions for which the corresponding space becomes an al-
gebra and studied their properties. Their work, in part, extend some of the
results of Kuznetsova to a wider class of algebras.
In [14], the authors initiated a general approach to study possible algebraic
structure on Orlicz spaces related to the convolution multiplication. We
considered the twisted convolution ⊛ coming from a 2-cocycle Ω with values
in C∗, the multiplicative group of complex numbers. Sufficient conditions
on Ω were found ensuring that the twisted convolution coming from Ω turns
the Orlicz space to a Banach algebra and, for the cases where |Ω| is a 2-
coboundary determined by a symmetric submultiplicative weight ω, even a
Banach ∗-algebra [14, Theorems 3.3 and 4.5]. We called the algebras we
obtained the twisted Orlicz algebras. We applied our method and showed
that there are abundant families of symmetric Banach ∗-algebras in the form
of twisted Orlicz algebras on compactly generated groups with polynomial
growth [14, Theorems 5.2 and 5.8]. Our approach in [14] not only embed
everything we discuss in the preceding paragraphs but also allows us to
systematically and simultaneously study twisted convolution coming from
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2-cocycles with values in T as well as the weighted spaces coming from
suitable submultiplicative weights.
In the present manuscript, which is a sequel to [14], we continue our
investigation of twisted Orlicz algebras on locally compact groups. We re-
strict ourselves to Orlicz spaces coming from (Φ,Ψ), a complementary pair of
strictly increasing continuous Young functions. For a locally compact group
G and the 2-cocycle Ω, we show that if (LΦ(G),⊛) is algebra, then it has a
bounded approximate identity if and only if it is unital if and only if G is
discrete. On the other hand, when G is unimodular and Ω satisfies a suit-
able decomposition criterion, we show that (LΦ(G),⊛) is an Arens regular
dual Banach algebra. In particular, we show that there exist rich families
of Arens regular dual Banach algebra in the form of twisted Orlicz algebras
on compactly generated groups with polynomial growth. In these context,
we could say that twisted Orlicz algebras behave very similar to weighted
group algebras on discrete groups, an interesting relation that worth further
investigations.
We also look at the cohomological properties of twisted Orlicz algebras.
When G is non-discrete, we show that (LΦ(G),⊛) fails to be amenable or
even Connes-amenable in the cases where it is a dual Banach algebra. On
infinite discrete groups, we obtain similar results but only when Ω is a 2-
coboundary determined by a weight ω, i.e. we consider weighted Orlicz
algebras (LΦ(G),⊛) ∼= (LΦω (G), ∗). The general case on discrete groups
remains open as our method can not be generalized when Ω has a non-
trivial twist.
We finish by pointing out that throughout this paper, we concern ourselves
with the theory “bounded multiplications” for Banach algebras and Banach
modules, as opposed to “contractive multiplications”. Also weights for us
are “weakly submultiplicative” as opposed to “submultiplicative”.
1. Preliminaries
In this section, we give some definitions and state some technical results
that will be crucial in the rest of this paper. In this paper, G denotes a
locally compact group with a fixed left Haar measure ds.
1.1. Orlicz Spaces. In this section, we recall some facts concerning Young
functions and Orlicz spaces. Our main reference is [16].
A nonzero function Φ : [0,∞) → [0,∞] is called a Young function if Φ
is convex, Φ(0) = 0, and limx→∞Φ(x) = ∞. For a Young function Φ, the
complementary function Ψ of Φ is given by
Ψ(y) = sup{xy − Φ(x) : x ≥ 0} (y ≥ 0).(1.1)
It is easy to check that Ψ is also a Young function. Also, if Ψ is the com-
plementary function of Φ, then Φ is the complementary of Ψ and (Φ,Ψ) is
called a complementary pair. We have the Young inequality
xy ≤ Φ(x) + Ψ(y) (x, y ≥ 0)(1.2)
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for complementary functions Φ and Ψ. By our definition, a Young function
can have the value∞ at a point, and hence be discontinuous at such a point.
However, we always consider the pair of complementary Young functions
(Φ,Ψ) with both Φ and Ψ being continuous and strictly increasing. In
particular, they attain positive values on (0,∞).
Now suppose that G is a locally compact group with a fixed Haar measure
ds and (Φ,Ψ) is a complementary pair of Young functions. We define
LΦ(G) =
{
f : G→ C : f is measurable and
∫
G
Φ(|f(s)|) ds <∞
}
.(1.3)
Since LΦ(G) is not always a linear space, we define the Orlicz space LΦ(G)
to be
LΦ(G) =
{
f : G→ C :
∫
G
Φ(α|f(s)|) ds <∞ for some α > 0
}
,(1.4)
where f indicates a member in the equivalence classes of measurable func-
tions with respect to the Haar measure ds. When G is discrete, we simply
use the standard terminology and write lΦ(G) instead of LΦ(G). Then the
Orlicz space is a Banach space under the (Orlicz) norm ‖ · ‖Φ defined for
f ∈ LΦ(G) by
‖f‖Φ = sup
{∫
G
|f(s)v(s)| ds :
∫
G
Ψ(|v(s)|) ds ≤ 1
}
,(1.5)
where Ψ is the complementary function to Φ. One can also define the
(Luxemburg) norm NΦ(·) on L
Φ(G) by
NΦ(f) = inf
{
k > 0 :
∫
G
Φ
(
|f(s)|
k
)
ds ≤ 1
}
.(1.6)
It is known that these two norms are equivalent; that is,
NΦ(·) ≤ ‖ · ‖Φ ≤ 2NΦ(·)(1.7)
and
NΦ(f) ≤ 1 if and only if
∫
G
Φ(|f(s)|) ds ≤ 1.(1.8)
Let SΦ(G) be the closure of the linear space of all step functions in LΦ(G).
Then SΦ(G) is a Banach space and contains Cc(G), the space of all con-
tinuous functions on G with compact support, as a dense subspace [16,
Proposition 3.4.3]. Moreover, SΦ(G)∗, the dual of SΦ(G), can be identified
with LΨ(G) in a natural way [16, Theorem 4.1.6]. Another useful char-
acterization of SΦ(G) is that f ∈ SΦ(G) if and only if for every α > 0,
αf ∈ LΦ(G) [16, Definition 3.4.2 and Proposition 3.4.3].
A Young function Φ satisfies the ∆2-condition if there exist a constant
K > 0 such that
Φ(2x) ≤ KΦ(x) for all x ≥ 0.(1.9)
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In this case we write Φ ∈ ∆2. If Φ ∈ ∆2, then it follows that L
Φ(G) = SΦ(G)
so that LΦ(G)∗ = LΨ(G) [16, Corollary 3.4.5]. If, in addition, Ψ ∈ ∆2, then
the Orlicz space LΦ(G) is a reflexive Banach space.
As in [16, Page 20], we say that two Young functions Φ1 and Φ2 are
strongly equivalent and write Φ1 ≈ Φ2 if there exists 0 < a ≤ b < ∞ such
that
Φ1(ax) ≤ Φ2(x) ≤ Φ1(bx) (x ≥ 0).
It is clear from the definition of the Orlicz space (1.4) that the strongly
equivalent Young functions generate the same Orlicz space allowing us to
consider different strongly equivalent Young functions to represent the same
Orlicz space.
We will frequently use the (generalized) Ho¨lder’s inequality for Orlicz
spaces [16, Remark 3.3.1]. More precisely, for any complementary pair of
Young functions (Φ,Ψ) and any f ∈ LΦ(G) and g ∈ LΨ(G), we have
‖fg‖1 :=
∫
G
|f(s)g(s)|ds ≤ min{NΦ(f)‖g‖Ψ, ‖f‖ΦNΨ(g)}.(1.10)
This, in particular, implies that fg ∈ L1(G).
In general, there is an straightforward method to construct various com-
plementary pairs of strictly increasing continuous Young functions as de-
scribes in [16, Theorem 1.3.3]. Suppose that ϕ : [0,∞) → [0,∞) is a con-
tinuous strictly increasing function with ϕ(0) = 0 and limx→∞ ϕ(x) = ∞.
Then
Φ(x) =
∫ x
0
ϕ(y)dy
is a continuous strictly increasing Young function and
Ψ(y) =
∫ y
0
ϕ−1(x)dx
is the complementary Young function of Φ which is also continuous and
strictly increasing. Here ϕ−1(x) is the inverse function of ϕ. Here are a few
families of examples satisfying the above construction (see [12, Proposition
2.11] and [16, Page 15] for more details):
(1) For 1 < p, q < ∞ with 1
p
+ 1
q
= 1, if Φ(x) = x
p
p
, then Ψ(y) = y
q
q
.
In this case, the space LΦ(G) becomes the Lebesgue space Lp(G) and the
norm ‖ · ‖Φ is equivalent to the classical norm ‖ · ‖p.
(2) If Φ(x) = x ln(1 + x), then Ψ(x) ≈ cosh x− 1.
(3) If Φ(x) = cosh x− 1, then Ψ(x) ≈ x ln(1 + x).
(4) If Φ(x) = ex − x− 1, then Ψ(x) = (1 + x) ln(1 + x)− x.
1.2. 2-Cocycles and 2-Cobounaries. Throughout this article, we use the
notation C∗ to denote the multiplicative group of complex numbers, i.e.
C
∗ = C \ {0}, R+ to be multiplicative group of positive real numbers, and
T to be the unit circle in C.
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Definition 1.1. Let G and H be locally compact groups such that H is
abelian. A (normalized) 2-cocycle on G with values in H is a Borel measur-
able map Ω : G×G→ H such that
Ω(r, s)Ω(rs, t) = Ω(s, t)Ω(r, st) (r, s, t ∈ G)(1.11)
and
Ω(r, eG) = Ω(eG, r) = eH (r ∈ G).(1.12)
The set of all normalized 2-cocycles will be denoted by Z2(G,H).
If ω : G → H is measurable with ω(eG) = eH , then it is easy to see that
the mapping
(s, t) 7→ ω(st)ω(s)−1ω(t)−1
satisfies (1.11) and (1.12). Hence it is a 2-cocycle; such maps are called
2-coboundary. The set of 2-coboundaries will be denoted by N 2(G,H). It
is easy to check that Z2(G,H) is an abelian group under the product
Ω1Ω2(s, t) = Ω1(s, t)Ω2(s, t) (s, t ∈ G),
and N 2(G,H) is a (normal) subgroup of Z2(G,H). This, in particular,
implies that
H2(G,H) := Z2(G,H)/N 2(G,H)
turns into a group; This is called the 2nd group cohomology of G into H
with the trivial actions (i.e. s · α = α · s = α for all s ∈ G and α ∈ H).
We are mainly interested in the cases when H is C∗, R+ or T. One
essential observation is that we can view C∗ = R+T as a (pointwise) direct
product of groups. Hence, for any 2-cocycle Ω on G with values in C∗ and
s, t ∈ G, we can (uniquely) write Ω(s, t) = |Ω(s, t)|eiθ for some 0 ≤ θ < 2pi.
Therefore, if we put
|Ω|(s, t) := |Ω(s, t)| and ΩT(s, t) := e
iθ,(1.13)
then Ω = |Ω|ΩT (in a unique way) and the mappings |Ω| and ΩT are 2-
cocycles on G with values in R+ and T, respectively.
1.3. Groups with polynomial growth. Let G be a compactly generated
group with a fixed compact symmetric generating neighborhood U of the
identity of the group G. G is said to have polynomial growth if there exist
C > 0 and d ∈ N such that for every n ∈ N
λ(Un) ≤ Cnd (n ∈ N).
Here λ(S) is the Haar measure of any measurable S ⊆ G and
Un = {u1 · · · un : ui ∈ U, i = 1, . . . , n}.
The smallest such d is called the order of growth of G and it is denoted
by d(G). It can be shown that the order of growth of G does not depend on
the symmetric generating set U , i.e. it is a universal constant for G. Also,
by [6, Lemma 2.3], the compact symmetric neighborhood U can be chosen
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so that it has a strict polynomial growth, i.e. there are positive numbers C1
and C2 such that
C1n
d ≤ λ(Un) ≤ C2n
d (n ∈ N).(1.14)
It is immediate that compact groups are of polynomial growth. More gen-
erally, every G with the property that the conjugacy class of every element
in G is relatively compact has polynomial growth [15, Theorem 12.5.17].
Also every (compactly generated) nilpotent group (hence an abelian group)
has polynomial growth [15, Theorem 12.5.17].
Using the generating set U of G we can define a length function τU : G→
[0,∞) by
τU(x) = inf{n ∈ N : x ∈ U
n} for x 6= e, τF (e) = 0.(1.15)
When there is no fear of ambiguity, we write τ instead of τU . It is straight-
forward to verify that τ is a symmetric subadditive function on G, i.e.
τ(xy) ≤ τ(x) + τ(y) and τ(x) = τ(x−1) (x, y ∈ G).(1.16)
We can use τ to define various (nontrivial) weights on G. For instance, for
every 0 < α < 1, β > 0, γ > 0, and C > 0, we can define the polynomial
weight ωβ on G of order β by
ωβ(s) = (1 + τ(s))
β (s ∈ G),(1.17)
and the subexponential weights σα,C and ρβ,C on G by
σα,C(s) = e
Cτ(x)α (s ∈ G)(1.18)
and
ργ,C(s) = e
Cτ(s)
(ln(1+τ(s)))γ (s ∈ G).(1.19)
2. Twisted Orlicz algebras
In this section, we present and summarize what we need from the theory
of twisted Orlicz algebras. These are taken from [14].
Definition 2.1. We denote Z2b (G,C
∗) to be the group of bounded 2-
cocycles on G with values in C∗ which consists of all element Ω ∈
Z2(G,C∗) satisfying the following conditions:
(i) Ω ∈ L∞(G×G);
(ii) ΩT is continuous.
We also define Z2bw(G,C
∗) to be the subgroup of Z2b (G,C
∗) consisting of
elements Ω ∈ Z2b (G,C
∗) for which
|Ω|(s, t) =
ω(st)
ω(s)ω(t)
(s, t ∈ G),
where ω : G→ R+ is a locally integrable measurable function with ω(e) = 1
and 1/ω ∈ L∞(G). In this case, we called ω a weight on G and say that |Ω|
is the 2-coboundary determined by ω, or alternatively, ω is the weight
associated to |Ω|.
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Now suppose that Ω ∈ Z2b (G,C
∗) and f and g are measurable functions
on G. We define the twisted convolution of f and g under Ω to be
f ⊛ g(t) =
∫
G
f(s)g(s−1t)Ω(s, s−1t)ds (t ∈ G)(2.1)
It follows routinely that for every f, g ∈ L1(G), f⊛g ∈ L1(G) with ‖f⊛g‖1 ≤
‖Ω‖∞‖f‖1‖g‖1. We conclude that (L
1(G),⊛) becomes a Banach algebra; it
is called the twisted group algebra (see [14, Section 2] for more details).
Definition 2.2. Let G be a locally compact group, let Ω ∈ Z2b (G,C
∗), and
let ⊛ be the twisted convolution coming from Ω. We say that (LΦ(G),⊛)
is a twisted Orlicz algebra if (LΦ(G),⊛, ‖ · ‖Φ) is a Banach algebra, i.e.
there is C > 0 such that for every f, g ∈ LΦ(G), f ⊛ g ∈ LΦ(G) with
‖f ⊛ g‖Φ ≤ C‖f‖Φ‖g‖Φ.
In [14], sufficient conditions on Ω were found under which the twisted
convolution (2.1) turns an Orlicz space to a twisted Orlicz algebra. We
formulate it below which is basically [14, Lemma 3.2 and Theorem 3.3].
Theorem 2.3. Let G be a locally compact group, and let Ω ∈ Z2bw(G,C
∗).
Then:
(i) LΦ(G) is a Banach L1(G)-bimodule with respect to the twisted convolu-
tion (2.1) having SΦ(G) as an essential Banach L1(G)-submodule;
(ii) Suppose that there exits non-negative measurable functions u and v in
LΨ(G) such that
|Ω(s, t)| ≤ u(s) + v(t) (s, t ∈ G).(2.2)
Then for every f, g ∈ LΦ(G), the twisted convolution (2.1) is well-defined
on LΦ(G) so that (Lφ(G),⊛) becomes a twisted Orlicz algebra having SΦ(G)
as a closed subalgebra.
One instance where our criterion can be successfully applied is when we
consider 2-cocycles and Orlicz algebras on compactly generated groups of
polynomial growth. In particular, we have the following which is [14, Corol-
lary 5.3 and Theorem 5.8].
Theorem 2.4. Let G be a compactly generated group of polynomial growth,
let Ω ∈ Z2bw(G,C
∗), and let ω be the weight associated to Ω. Then there are
u, v ∈ SΨ(G) satisfying (2.2) so that (LΦ(G),⊛) is twisted Orlicz algebras
if ω is either one of the following weights:
(i) ω = ωβ, the polynomial weight (1.17) with 1/ω ∈ S
Ψ(G);
(ii) ω = σα,C , the subexponential weight (1.18);
(iii) ω = ργ,C , the subexponential weight (1.19).
We finish this section by pointing out that in the proof of [14, Corollary
5.3], it is shown that 1/ωβ ∈ S
Ψ(G) if β > d
l
, where d := d(G) is the degree
of the growth of G and l ≥ 1 is such that limx→0+
Ψ(x)
xl
exists.
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3. Approximate identities
Let A be a Banach algebra, and let X be a Banach left A-module. Recall
that a net (eα)α∈Λ in the Banach algebra A is called a left approximate
identity for X in A if limα ‖eαx − x‖X = 0 for all x ∈ X. If there exists
a K > 0 such that ‖eα‖ ≤ K for all α ∈ Λ, then (eα)α∈Λ is called a
bounded left approximate identity for X in A. The concepts of (bounded)
right approximate identity and (bounded) approximate identity are defined
similarly for Banach right A-modules and Banach A-bimodules. Since A
can be viewed as Banach A-bimodule on itself, these concepts apply to the
algebra as well.
In this section, we investigate when twisted Orlicz algebras have (bounded
or unbounded) approximate identities and/or when they are unital. To do
this and obtain our results, we need to restrict ourselves to the twisted
actions coming from 2-cocyles in Z2bw(G,C
∗). Our results may be compared
with the corresponding ones in [13, Section 4] where they were obtained
for (untwisted) weighted Orlicz algebras with the extra assumption that
LΦ(G) ⊂ L1(G).
The following lemma, which is somewhat straightforward, shows that in
many cases, twisted Orlicz algebras can have approximate identities as a
module over twisted group algebras.
Lemma 3.1. Let G be a locally compact group, let Ω ∈ Z2bw(G,C
∗), and
let ω be a weight associated to |Ω|. Suppose that {Ui}i∈I be a symmetric
neighborhoods of the identity in G with Ui ց {e} as i → ∞, and put ei =
1Ui/λ(Ui) (i ∈ I). Then:
(i) {eiω}i∈I is a bounded approximate identity for (L
1(G),⊛);
(ii) {eiω}i∈I is an approximate identity for (S
Φ(G),⊛).
Proof. (i) Let f ∈ L1(G) and put g = f/ω. For every t ∈ G and i ∈ I, we
have
eiω ⊛ f(t)− f(t) =
∫
G
ei(s)ω(s)f(s
−1t)Ω(s, s−1t)ds− f(t)
= ω(t)
∫
G
ei(s)(g(s
−1t)ΩT(s, s
−1t)− g(t))ds
= ω(t)
∫
G
ei(s)(g(s
−1t)− g(t))ΩT(s, s
−1t)ds
+ ω(t)
∫
G
ei(s)g(t)(ΩT(s, s
−1t)− 1)ds.
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Therefore, by applying Fubini’s theorem, we get
‖eiω ⊛ f − f‖1 ≤
∫
G
ei(s)
∫
G
ω(t)|g(s−1t)− g(t)|dtds
+
∫
G
ei(s)
∫
G
|f(t)(ΩT(s, s
−1t)− 1)|dtds
≤ sup
s∈supp ei
‖Lsg − g‖1,ω + ‖f‖1 sup
t∈G,s∈supp ei
|ΩT(s, s
−1t)− 1|,
where the last line approaches 0 as i → ∞. Similarly, we can show that
‖f ⊛ eiω − f‖1 as i→∞.
(ii) It follows easily from [16, Proposition 3.4.3] that {eiω}i∈I ⊂ S
Φ(G).
Let f ∈ SΦ(G). Since SΦ(G) is an essential Banach L1(G)-bimodule and
(L1(G),⊛) has a bounded approximate identity, by the Cohen’s factorization
theorem, there are g1, g2 ∈ L
1(G) and h ∈ SΦ(G) such that f = g1⊛ h⊛ g2.
We have
‖ei ⊛ f − f‖Φ ≤ ‖ei ⊛ g1 − g1‖1‖h⊛ g2‖Φ → 0
as i→∞ by (i). Similarly, we can show that ‖f⊛ei−f‖Φ → 0 as i→∞. 
The following theorem demonstrate a contrast to the preceding lemma
in the sense that the existence of a bounded approximate identity for the
twisted Orlicz algebras will force the underlying group to be discrete.
Theorem 3.2. Let G be a locally compact group, let Ω ∈ Z2bw(G,C
∗), and
let ω be a weight associated to |Ω|. Then the following are equivalent:
(i) There is a bounded net {fj} ⊂ L
Φ(G) so that for all g ∈ Cc(G), limj→∞ fj⊛
g = g in LΦ(G);
(ii) There is a bounded net {fj} ⊂ L
Φ(G) so that for all g ∈ Cc(G),
limj→∞ g ⊛ fj = g in L
Φ(G);
(iii) L1(G) ⊆ LΦ(G);
(iv) G is discrete.
Proof. (i)=⇒(iii) By our assumption and Theorem 2.3(i), there is K > 0
such that for every g ∈ Cc(G),
‖g‖Φ = lim
j→∞
‖fj ⊛ g‖Φ ≤ K‖g‖1 lim sup
j→∞
‖fj‖Φ.
The final result follows since Cc(G) is norm dense in (L
1(G), ‖·‖1). The part
(ii)=⇒(iii) is proven similarly. It is also clear that (iv)=⇒(i) and (ii). Hence
it remains to show (iii)=⇒(iv). Suppose that (iii) holds. Let {eiω}i∈I be the
bounded approximate identity in L1(G) for SΦ(G) constructed in Lemma
3.1. Then, by our assumption, {eiω}i∈I is bounded in L
Φ(G). Furthermore,
since 1/ω ∈ L∞(G), we have
sup
i∈I
‖ei‖Φ ≤ ‖1/ω‖∞ sup
i∈I
‖eiω‖Φ,
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implying that {ei}i∈I is bounded in L
Φ(G). In particular, by [16, Cororllary
3.4.7],
sup
i∈I
1/λ(Ui)[Φ
−1(1/λ(Ui))]
−1 ∼= sup
i∈I
‖ei‖Φ <∞,
or equivalently, there is a constant M > 0 such that
Φ(1/λ(Ui)) ≤M/λ(Ui) (i ∈ I).(3.1)
If G is not discrete, then we can assume that λ(Ui) → 0 as i → ∞. For
every x ∈ R+, pick i ∈ I such that xλ(Ui) ≤ 1. Then, it follows from (3.1)
and the convexity of Φ that
Φ(x) = Φ(xλ(Ui)/λ(Ui)) ≤ xλ(Ui)Φ(1/λ(Ui)) ≤Mx.
On the other hand, for every M > 0, the complementary Young function of
Φ0(x) = Mx is given by Ψ0(y) = 0 if y ≤ 1/M and Ψ0(y) = ∞ otherwise.
Hence, by [16, Proposition 2.1.2], Ψ obtains infinite values so that it is not
continuous which contradicts our assumption. Thus G must be discrete, i.e.
(iv) holds. 
We are now ready to present the main result of this section which is
mostly summarization of what we obtained above.
Theorem 3.3. Let G be a locally compact group, let Ω ∈ Z2bw(G,C
∗), and
let ω be a weight associated to |Ω|. If (LΦ(G),⊛) is a twisted Orlicz algebra,
then the following hold:
(i) (SΦ(G),⊛) has an approximate identity consisting of compactly supported
functions;
(ii) For G non-discrete, an approximate identity of (SΦ(G),⊛) is also an
approximate identity for (LΦ(G),⊛) if and only if LΦ(G) = SΦ(G) if and
only if Φ ∈ ∆2;
(iii) For G non-discrete, neither (LΦ(G),⊛) nor (SΦ(G),⊛) has a bounded
approximate identity;
(iv) Either (LΦ(G),⊛) or (SΦ(G),⊛) has a unit if and only if G is discrete.
Proof. Part (i) follows from Lemma 3.1 and parts (iii) and (iv) from Theorem
3.2. For part (ii), we first note that an approximate identity of (SΦ(G),⊛)
is also an approximate identity for (LΦ(G),⊛) if and only if LΦ(G) is an
essential L1(G)-bimodule. Now the final result follows from [16, Theorem
3.4.14 and Corollary 5.3.2] (See also discussion in [16, P. 166]). 
4. Dual Banach algebras
A Banach algebra A is said to be a dual Banach algebra if there is a closed
submodule B of A∗ such that A = B∗ ([17, Definition 4.4.1]). It follows rou-
tinely that if a Banach algebra A is a dual space, then it is a dual Banach
algebra if and only if multiplication on A is separately w∗-continuous. The
class of dual Banach algebras includes von Neumann algebras, measure al-
gebras of locally compact groups, and B(E), where E is a reflexive Banach
space [17, Examples 4.4.2]. In fact, it is shown in [5, Corollary 3.8] that dual
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Banach algebras are precisely w∗-closed subalgebra of B(E), where E is a
reflexive Banach space.
In this section, we investigate under what conditions twisted Orlicz alge-
bras are dual Banach algebras. We will show that this phenomenon occur
in majority of the cases when know we can get an algebra. We start with
the following lemma which shows that whenever LΦ(G) is an algebra, there
are natural LΦ(G)-bimodule actions on LΨ(G) coming from module actions
of LΦ(G) on LΦ(G)∗.
Lemma 4.1. Let G be a locally compact group, and let Ω ∈ Z2b (G,C
∗).
Suppose that (LΦ(G),⊛) is a twisted Orlicz algebra. Then LΨ(G) is a Ba-
nach LΦ(G)-bisubmodule of LΦ(G)∗ so that the twisted actions of LΦ(G) on
LΦ(G) are defined by (g ∈ LΦ(G), h ∈ LΨ(G), s ∈ G)
g ⊚ h(s) =
∫
G
g(t)h(st)Ω(s, t)dt , h⊚ g(s) =
∫
G
g(t)h(ts)Ω(t, s)dt.(4.1)
Moreover, for every f, g ∈ LΦ(G) and h ∈ LΨ(G), we have
〈f ⊛ g, h〉 = 〈f, g ⊚ h〉 = 〈g, h ⊚ f〉.(4.2)
Proof. Let g ∈ LΦ(G) and h ∈ LΨ(G). Since Φ and Ψ are continuous and
positive on R+, both g and h vanishes outside of a σ-finite measurable subset
of G so that the functions g ⊚ h and h⊚ g defined in (4.1) are measurable.
Moreover, a straightforward computation shows that for every f ∈ LΦ(G),
(4.2) holds. Hence, in particular,
|〈f, g ⊚ h〉| = |〈f ⊛ g, h〉|
≤ ‖f ⊛ g‖ΦNΨ(h) (by (1.10))
≤ C‖f‖Φ‖g‖ΦNΨ(h)
≤ 2CNΦ(f)‖g‖ΦNΨ(h).
Thus, by (1.5) and (1.8), ‖g⊚h‖Ψ ≤ 2C‖g‖ΦNΨ(h) implying that L
Ψ(G) is a
Banach left LΦ(G)-module with respect to the twisted actions ⊚. Similarly
we can show that it is a right LΦ(G)-module. 
In lieu of the preceding Lemma and the fact that LΦ(G) = SΨ(G)∗, in
order to show that LΦ(G) is a dual Banach algebra, it suffices to show that
SΨ(G) is a closed under the actions (4.1) of LΦ(G). We will show that under
some reasonable conditions, this indeed happens.
Theorem 4.2. Let G be a locally compact unimodular group, and let Ω ∈
Z2b (G,C
∗). Suppose that there exit non-negative measurable functions u, v ∈
SΨ(G) satisfying (2.2). Then SΨ(G) is an essential Banach LΦ(G)-bimodule
with respect to the twisted actions ⊚ defined in (4.1). In particular, (LΦ(G),⊛)
is a dual Banach algebra.
Proof. We first note that by Theorem 2.3, (LΦ(G),⊛) is a twisted Orlicz
algebra. Let g ∈ LΦ(G) and h ∈ SΨ(G). By Lemma 4.1, g ⊚ h ∈ LΨ(G). It
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follows from (2.2) that for every s ∈ G,
|g ⊚ h|(s) ≤
∫
G
|g(t)h(st)|u(s)dt +
∫
G
|g(t)h(st)|v(t)dt
≤ u(s)NΦ(g)‖δs−1 ∗ h‖Ψ +
∫
G
|g(t)h(st)|v(t)dt (by (1.10))
= u(s)NΦ(g)‖h‖Ψ + (h ∗ (gˇvˇ)(s),
where kˇ(s) = k(s−1). Thus
|g ⊚ h| ≤ ‖g‖Φ‖h‖Ψu+ h ∗ (gˇvˇ).
By our hypothesis, u ∈ SΨ(G). On the other hand, since gv ∈ L1(G) and G
is unimodular, gˇvˇ ∈ L1(G). Hence h ∗ gˇvˇ ∈ SΨ(G) as SΨ(G) is an L1(G)-
bimodule under convolution. The final results follows since |g ⊚ h| ≤ f
with f ∈ SΨ(G) implies that g ⊚ h ∈ SΨ(G). Similarly we can show that
h⊚ g ∈ SΨ(G). In particular, (LΦ(G),⊛) is a dual Banach algebra. 
The following corollary which is an immediate consequence of Theorem
4.2 and Theorem 2.4 demonstrates that the conditions in Theorem 4.2 are
general enough as they can be applied to large classes of twisted Orlicz
algebras on compactly generated group of polynomial growth.
Corollary 4.3. Let G be a compactly generated group of polynomial growth,
let Ω ∈ Z2bw(G,C
∗), and let ω be the weight associated to Ω. Then (LΦ(G),⊛)
is a dual Banach algebra if ω is either of the following weights:
(i) ω = ωβ, the polynomial weight (1.17) with 1/ω ∈ S
Ψ(G);
(ii) ω = σα,C , the subexponential weight (1.18);
(iii) ω = ργ,C , the subexponential weight (1.19).
5. Arens regularity
Let A be a Banach algbera, and let A∗∗ be its second dual. There are
standard methods to extend the multiplication on A to A∗∗ in two ways.
These multiplications are known as the first and second Arens products on
A∗∗ and are denoted by  and ⋄, respectively. We say that A is Arens regular
if the first and second Arens products on A∗∗ coinsides (See, for example,
[3, Definition 2.6.16 and Eq (2.6.27)]). It is well-known that C∗-algebras
are Arens regular whereas the group algebra or the measure algebra of an
infinite locally compact groups are never Arens regular [3, Theorem 3.3.28].
It is also shown in [2] that a weighted group algebra is Arens regular if
and only if the underlying group is discrete and countable and the weight
satisfies certain decay condition (See also [4, Theorem 8.11])
Our goal in this section is to extend the method of [4, Theorem 8.11] to
obtain Arens regularity of twisted Orlicz algebras. We show that in contract
to the result of [2], twisted Orlicz algebras can be Arens regular for non-
discrete groups. Since LΦ(G) = SΨ(G)∗, we have
LΦ(G)∗∗ = LΦ(G)⊕ SΨ(G)⊥,
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where
SΨ(G)⊥ = {F ∈ LΦ(G)∗∗ : F = 0 on SΨ(G)}.
Our method is to use the condition given in Theorem 4.2 to break down the
twisted convolution into two separate parts and then show that first and
second Arens products vanishes on SΦ(G)⊥. This, in particular, implies
that LΦ(G) is Arens regular.
Lemma 5.1. Let G be a locally compact unimodular group, and L ∈ L∞(G×
G). There are bounded continues operators
ξ, η : LΦ(G)× LΦ(G)∗ → L∞(G)
such that for every g ∈ LΦ(G) and h ∈ LΨ(G), we have
ξ(g, h)(s) =
∫
G
g(t)h(st)L(s, t)dt (s ∈ G),(5.1)
and
η(g, h)(s) =
∫
G
g(t)h(ts)L(t, s)dt (s ∈ G).(5.2)
Moreover for every g ∈ LΦ(G), both operators ξ(g, ·) and η(g, ·) are w∗−w∗
continuous.
Proof. Without loss of generality, we can assume that ‖L‖∞ = 1. For every
g ∈ LΦ(G) and h ∈ LΨ(G), define
ξ(g, h)(s) =
∫
G
g(t)h(st)L(s, t)dt
and
η(g, h)(s) =
∫
G
g(t)h(ts)L(t, s)dt.
Clearly, ξ(g, h) and η(g, h) are measurable. Moreover
|ξ(g, h)| ≤ |h| ∗ |gˇ| and |η(g, h)| ≤ |h| ∗ |g|,
and so, both ξ(g, h) and η(g, h) belong to L∞(G×G) with
max{‖ξ(h, h)‖∞, ‖η(g, h)‖∞} ≤ ‖h‖ΨNΦ(g).
For every f ∈ L1(G), we have∫
G
f(s)ξ(g, h)(s)ds =
∫
G
h(t)ζ(f, g)(t)dt(5.3)
where
ζ(f, g)(t) =
∫
G
f(s)g(s−1t)L(s, s−1t)ds.
Since |ζ(f, g)| ≤ |f | ∗ |g| and |f | ∗ |g| ∈ LΦ(G) (as LΦ(G) is a Banach L1(G)-
bimodule under convolution), it follows that ζ(f, g) ∈ LΦ(G). Thus if we
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take H ∈ LΦ(G)∗ = SΨ(G)∗∗ and {hk} ⊂ S
Ψ(G) with hk →
w∗ H, then it
follows from (5.3) that
lim
k→∞
∫
G
f(s)ξ(g, hk)(s)ds = lim
k→∞
∫
G
hk(t)ζ(f, g)(t)dt = 〈H, ζ(f, g)〉.
Therefore we can define ξ(g,H) ∈ L∞(G) to be the function satisfying
〈f, ξ(g,H)〉 = 〈H, ζ(f, g)〉 (f ∈ L1(G), g ∈ LΦ(G)).(5.4)
It is straightforward to verify that ξ : LΦ(G) × LΦ(G)∗ → L∞(G) is a
bounded bilinear map. Also the relation (5.4) implies that for every g ∈
LΦ(G), ξ(g, ·) is w∗ − w∗ continuous. Similarly, we can prove the desired
statement for η. 
Theorem 5.2. Let G be a locally compact unimodular group, and let Ω ∈
Z2b (G,C
∗). Suppose that there exit non-negative measurable functions u, v ∈
SΨ(G) satisfying (2.2). Then there are bounded bilinear operators
ξ, η : LΦ(G)× LΦ(G)∗ → L∞(G)(5.5)
such that for every f, g ∈ LΦ(G) and H ∈ LΦ(G)∗,
〈f ⊛ g,H〉 = 〈f, uξ(g,H)〉 + 〈g, vη(f,H)〉.(5.6)
Moreover, both operators ξ(g, ·) and η(g, ·) are w∗ − w∗ continuous.
Proof. By our hypothesis and (2.2), we can take an element L ∈ L∞(G×G)
with ‖L‖∞ ≤ 1 such that
Ω(s, t) = L(s, t)
(
u(s) + v(t)
)
(s, t ∈ G).
Suppose that ξ and η are the mapping defined in Lemma 5.1 associated to L.
It particular, ξ and η satisfy (5.1) and (5.2), respectively, and the operators
ξ(g, ·) and η(g, ·) are w∗-w∗ continuous. Take H ∈ LΦ(G)∗ = SΨ(G)∗∗ and
{hk} ⊂ S
Ψ(G) with hk →
w∗ H. For every f, g ∈ LΦ(G), we have
〈f ⊛ g,H〉 = lim
k→∞
〈f ⊛ g, hk〉
= lim
k→∞
∫
G
∫
G
f(s)g(t)hk(st)Ω(s, t)dsdt
= lim
k→∞
[
∫
G
f(s)u(s)ξ(g, hk)(s)ds+
∫
G
g(t)v(t)η(f, hk)(t)dt]
=
∫
G
f(s)u(s)ξ(g,H)(s)ds +
∫
G
g(t)v(t)η(f,H)(t)dt
= 〈f, uξ(g,H)〉 + 〈g, vη(f,H)〉.
In the above, we have used the facts that fu, gv ∈ L1(G), both ξ(g, ·) and
η(f, ·) are w∗−w∗ continuous and SΨ(G) is a Banach L∞(G)-module under
pointwise product. 
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We are now ready to obtain our desired result. We recall the formula [3,
Eq (2.6.28)] which gives a useful formulation of the first and second Arens
products. For every F ,G ∈ A∗∗ and the nets {fi}, {gj} in A for which
fi → F and gj → G in the w
∗-topology σ(A∗∗, A∗), we have
FG = w∗ − lim
i→∞
w∗ − lim
j→∞
figj , F ⋄ G = w
∗ − lim
j→∞
w∗ − lim
i→∞
figj .
(5.7)
Theorem 5.3. Let G be a locally compact unimodular group, and let Ω ∈
Z2b (G,C
∗). Suppose that there exit non-negative measurable functions u, v ∈
SΨ(G) satisfying (2.2). Then
FG = F ⋄ G = 0 (F ,G ∈ SΨ(G)⊥).
In particular, (LΦ(G),⊛) is Arens regular.
Proof. Take F ,G ∈ SΨ(G)⊥. We will show that FG = 0. The proof of
F ⋄ G = 0 will be similar. Let {gj} be a net in L
Φ(G) such that w∗ −
limj→∞ gj = G. Suppose that ξ and η are the operators (5.5) satisfying
(5.6). For every f ∈ LΦ(G), we have
〈fG,H〉 = lim
j→∞
〈f ⊛ gj ,H〉
= lim
j→∞
[〈fu, ξ(gj ,H)〉+ 〈gj , vη(f,H)〉]
= lim
j→∞
〈fu, ξ(gj ,H)〉+ 〈G, vη(f,H)〉
= lim
j→∞
〈fu, ξ(gj ,H)〉,
since vη(f,H) ∈ SΨ(G) and G ∈ SΨ(G)⊥. Now let I be the ‖ · ‖1-closure
of LΦ(G)u in L1(G). The preceding computation, together with the fact
that {gj} can be chosen to be uniformly bounded in L
Φ(G), shows that the
mapping
I ∋ h 7→ lim
j→∞
〈h, ξ(gj ,H)〉
is well-defined bounded linear functional on I. Hence, by the Hahn-Banach
theorem, it has an extension to L1(G)∗ = L∞(G); we denote it by ξ(G,H).
In particular,
lim
j→∞
〈fu, ξ(gj ,H)〉 = 〈fu, ξ(G,H)〉 (f ∈ L
Φ(G)).
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Therefore, if we take a net {fi} ⊂ L
Φ(G) such that w∗ − limi→∞ fi = F ,
then
〈FG,H〉 = lim
i→∞
〈fiG,H〉
= lim
i→∞
lim
j→∞
〈fiu, ξ(gj ,H)〉
= lim
i→∞
〈fiu, ξ(G,H)〉
= lim
i→∞
〈fi, uξ(G),H)〉
= 〈F , uξ(G,H)〉
= 0,
since uξ(G,H) ∈ SΨ(G) and F ∈ SΨ(G)⊥. This completes the proof. 
The following can be compared with Corollary 4.3. Its proof follows from
the preceding theorem and Theorem 2.4.
Corollary 5.4. Let G be a compactly generated group of polynomial growth,
let Ω ∈ Z2bw(G,C
∗), and let ω be the weight associated to Ω. Then (LΦ(G),⊛)
is Arens regular if ω is either of the following weights:
(i) ω = ωβ, the polynomial weight (1.17) with 1/ω ∈ S
Ψ(G);
(ii) ω = σα,C , the subexponential weight (1.18);
(iii) ω = ργ,C , the subexponential weight (1.19).
We finish this section by pointing out that if A is an Arens regular Banach
algebra, then A∗∗ is a dual Banach algebra [17, Example 4.4.2]. Hence under
the assumption of Theorem 5.3, LΦ(G)∗∗ is a dual Banach algebra.
6. Cohomological properties
In this section, we consider two important cohomological properties, namely
amenability and Connes amenability, that are associated to Banach algebras
and dual Banach algebras, respectively. We will show that neither of them
can hold on most twisted Orlicz algebras.
6.1. Amenability. ABanach algebra A is amenable if every bounded deriva-
tion from A into the dual of any Banach A-bimodule is inner [17, Definition
2.1.9]. By the celebrated theorem of Johnson, the group algebra of a locally
compact group is amenable if and only if the underlying group is amenable
[17, Theorem 2.1.8]. In contrast, the weighted group algebra of an amenable
group is amenable if and only if the weight is diagonally bounded. For a
symmetric weight, the later condition implies the weight must be trivial.
We now look at the amenability property for a twisted Orlicz algebra and
show that in most cases, its amenability implies that it must be finite dimen-
sional. We start with the following result which is an immediate consequence
of Theorem 3.3 and the fact that a necessary condition for a Banach algebra
to be amenable is to have a bounded approximate identity [17, Proposition
2.2.1].
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Theorem 6.1. Let G be a non-discrete locally compact group, and let Ω ∈
Z2bw(G,C
∗). If (LΦ(G),⊛) is a twisted Orlicz algebra, then neither (LΦ(G),⊛)
nor (SΦ(G),⊛) are amenable.
When G is discrete, one can not apply the criterion [17, Proposition 2.2.1]
as the twisted orlicz algebra is unital. To compensate for this, we use the
concept of the augmentation ideal. However, this method only works when
twisted actions comes from a 2-coboundary determined by a weight. i.e.
when we consider the weighted Orlicz algebras. Let us first recall some
terminology (see also [14, Lemma 3.3]).
Let G be a locally compact group, and let ω be a weight on G. We define
the weighted LΦ-space
LΦω (G) := {f : G→ C : fω ∈ L
Φ(G)}.(6.1)
and the weighted SΦ-space
SΦω (G) := {f : G→ C : fω ∈ S
Φ(G)}.(6.2)
Then both LΦω (G) and S
Φ
ω (G) with the norm ‖f‖Φ,ω = ‖fω‖Φ are Banach
spaces. Moreover, (LΦω (G), ‖ · ‖Φ,ω) becomes a Banach (L
1
ω(G), ‖ · ‖1,ω)-
bimodule under the standard convolution having SΦω (G) as an essential
L1ω(G)-submodule. It is straightforward to verify that the mapping
Λω : L
Φ(G)→ LΦω (G) , Λω(f) = f/ω(6.3)
is a linear isometric isomorphism satisfying (f ∈ LΦ(G), g ∈ L1(G))
Λω(f ⊛ g) = Λω(f) ∗ Λω(g) and Λω(g ⊛ f) = Λω(g) ∗ Λω(f),(6.4)
where ⊛ is the twisted convolution coming from the 2-coboundary
Ω(s, t) =
ω(st)
ω(s)ω(t)
(s, t ∈ G).
Moreover, similar relations to (6.3) and (6.4) holds if we replace LΦ(G) and
LΦω (G) with S
Φ(G) and SΦω (G), respectively. If, in addition, (L
Φ(G),⊛, ‖ ·
‖Φ) is a Banach algebra, then (6.4) holds for every f, g ∈ L
Φ(G) so that
(LΦω (G), ∗, ‖·‖Φ,ω) is a Banach algebra having S
Φ
ω (G) as a closed subalgebra.
Hence we have two alternative in viewing the algebraic structure on Orlicz
spaces: either stay in the same space and use the twisted convolution or
move to the weighted space but keep the product unchanged! For most part
of this paper, it was more convenient for us to use the former approach.
However, in few cases such as the one below, it is better to use the latter
formulation.
Theorem 6.2. Let G be a discrete group, and let ω be a weight on G.
Suppose that (lΦω (G), ‖ · ‖Φ,ω) is a Banach algebra and 1/ω ∈ S
Ψ(G). Then
the following are equivalent:
(i) lΦω (G) is amenable;
(ii) SΦω (G) is amenable;
(iii) G is finite.
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Proof. It is clear that if G is finite, then lΦω (G) = S
Φ
ω (G)
∼= l1(G) so that they
are amenable. We will now prove (i) =⇒ (iii). The proof of (ii) =⇒ (iii)
is similar. Since 1/ω ∈ SΨ(G), we have lΦω (G) ⊆ l
1(G). Now consider the
augmentation ideal of l1(G), i.e.
I = {f ∈ l1(G) :
∑
s∈G
f(s) = 0}
and put
IΦ := I ∩ l
Φ
ω (G).
It is routine to verify that IΦ is a closed two-sided ideal of codimension 1 in
lΦω (G). Moreover, since l
Φ
ω (G) is amenable, by [17, Theorem 2.3.7], IΦ has a
bounded approximate identity {fi}. Suppose that f ∈ l
Φ
ω (G) = S
Φ
ω−1
(G)∗ is
a cluster point of {fi}. Since 1/ω ∈ S
Ψ(G), it follows that f ∈ IΦ as
〈f, 1〉 = 〈fω, 1/ω〉 = lim
j→∞
〈fijω, 1/ω〉 = lim
j→∞
〈fij , 1〉 = 0.
On the other hand, we have
(δs − δe) ∗ f = w
∗ − lim
i→∞
(δs − δe) ∗ fi = δs − δe (s ∈ G).
Thus, in particular, f ∈ IΦ is nonzero and satisfies
f(e)− f(s) = 1 (s ∈ G, s 6= e).
However, this is only possible if G is finite. 
6.2. Connes amenability. Suppose that A = B∗ is a dual Banach algebra.
A dual Banach A-bimodule X is normal if for every x ∈ X, the module
multiplications
a 7→ ax and a 7→ xa
from A into X are w∗-w∗ continuous. We say that A is Connes-amenable if
every w∗-w∗ continuous derivation from A into any normal dual Banach A-
bimodule is inner [17, Definition 4.4.7]. The concept of Connes-amenability
has proven to be an appropriate notion of amenability considered for dual
Banach algebras. For example, it is well-known that a von Neumann algebra
is amenable if and only if it is subhomogeneous, a rather restrictive condition
[17, Theorem 6.1.7]. However, it is Connes-amenable if and only if it is
injective (this is a deep result in operators algebra, see [17, Chapter 6]). M.
Daws has also defined a notion of injectivity for unital dual Banach algebras
and has shown that the corresponding results also holds in this category
[5, Theorem 6.13]. It is also shown by Runde that the measure algebra of
a locally compact group is Connes-amenable if and only if the underlying
group is amenable thus providing an analogous of Jonshon’s theorem for
group algebras [17, Theorem 4.4.13].
In Section 4, we have provided several classes of twisted Orlicz algebras
which are dual Banach algebra. We can thus look at whether they are
Connes-amenable. As we will see below, this rarely happen. This is similar
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to what we obtain in the preceding section with regard to the amenabil-
ity. For the case of discrete groups, again our method only works for the
untwisted cases.
Theorem 6.3. Let G be a locally compact unimodular group, let Ω ∈
Z2bw(G,C
∗), and let ω be the weight associated to |Ω|. Suppose that there
exit non-negative measurable functions u, v ∈ SΨ(G) satisfying (2.2). Then:
(i) If G is non-discrete, then (LΦ(G),⊛) is not Connes amenable;
(ii) If G is discrete and 1/ω ∈ SΨ(G), then (lΦω (G), ∗) is Connes amenable
if and only if G is finite.
Proof. The statement in (i) follows from Theorem 3.3(iv) and the fact that
Connes-amenability implies that the algebra should be unital. For (ii), let
IΦ be the augmentation ideal in l
Φ(G) defined in the proof of Theorem 6.2
which is shown to be a w∗-closed. Hence its unitization can be identified with
lΦ(G) as dual Banach algebra, and so, by our assumption and [5, Proposition
6.1], I is Connes-amenable. In particular, it is unital so that, as it is shown
in the proof of Theorem 6.1, G must be finite. 
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